ABSTRACT. In this paper, we analyse properties of aggregation-based extensions of fuzzy measures depending on properties of aggregation functions which they are based on. We mainly focus on properties possessed by the well-known Lovász and Owen extensions. Moreover, we characterize aggregation functions suitable for extension of particular subclasses of fuzzy measures.
Introduction
The key problem of multicriteria decision making theory is how to assign a single value to each score vector achieved in set N = {1, . . . , n} of criteria. n -the L o vá s z extension [5] and the O w e n extension [7] . Both can be expressed by means of Möbius transform and some auxiliary aggregation function. Generalization of this approach was recently used by K o l e sá r o vá et al. [4] , where the construction method of extension of a fuzzy measure based on an aggregation function and Möbius transform was proposed and the characterization of all aggregation functions suitable for this construction was given. Spizzichino has shown that taking a copula in rôle of basic aggregation function such an extension has a simple probabilistic meaning (see [8] ).
The aim of this paper is to study the link between properties of an underlying aggregation function and properties of the extension of fuzzy measure based on this aggregation function. We start with investigation of properties possessed by extensions for each fuzzy measure and then we focus on properties of extensions for some subclasses of fuzzy measures. Next, we find a characterization of aggregation functions suitable for aggregation-based extensions of particular subclasses of fuzzy measures.
The paper is organized as follows. In Section 2, we recall some basic notions and definitions needed throughout the paper. In Sections 3 and 4, our main results are confined. Finally, some concluding remarks are provided.
Preliminaries
In this section we recall some definitions and results which will be used in the sequel. We also fix the notation, mostly according to [2] , [9] , wherein more information concerning the theory of aggregation functions and the fuzzy measure theory can be found.
Let n ∈ N and N = {1, . . . , n}. Ò Ø ÓÒ 2.2º Let E, F ⊆ N . A fuzzy measure m is:
Ò Ø ÓÒ
of pairwise disjoint subsets of N .
ON SOME PROPERTIES OF AGGREGATION-BASED EXTENSIONS... 
The following construction method for extension of the given fuzzy measure based on aggregation function was proposed in [4] .
where (x I ) i = x i whenever i ∈ I and (x I ) i = 1 otherwise. In particular, taking the aggregation function Min defined by
in rôle of A, we obtain the Lovász extension of m:
Note that the Lovász extension is nothing but the discrete Choquet integral. Similarly, taking the product aggregation function Π(x 1 , . . . , x n ) = i∈I x i in rôle of A, we obtain the Owen extension of m:
Both well-known extensions of fuzzy measure m are aggregation functions. However, it is not true in general, i.e., for an aggregation function A ∈ A (n) and a fuzzy measure m ∈ M (n) , the function F m,A defined by (1) need not to be nor an aggregation function neither an extension of m. An aggregation function A will be called suitable for aggregation-based extension for a fuzzy measure m ∈ M (n) if and only if F m,A defined by (1) is an aggregation function extending m. The following characterization of all aggregation functions A ∈ A (n) suitable for all m ∈ M (n) was given in [4] .
Ì ÓÖ Ñ 2.1º Let A ∈ A (n) . F m,A is an aggregation function extending m for every m ∈ M (n) if and only if A is an aggregation function with zero annihilator and for each
where the sum is taken over all vertices c of [a, b] and α(c) is the number of indices k such that c k = a k . Clearly, due to Theorem 2.1, each copula C is a suitable aggregation function for every m ∈ M (n) . Moreover, it was shown in [4] that for n = 2, A is a suitable aggregation function for every m ∈ M (2) if and only if A(x, y) = Q f (x), g(x) for some 2-quasi-copula Q and f, g nondecreasing endomorphisms of [0, 1] satisfying f (0) = g(0) = 0 and f (1) = g(1) = 1.
In this section we study properties of extensions F m,A defined by (1) depending on properties of A. We look for aggregation functions A yielding F m,A with particular properties possessed by the Lovász and Owen extensions. The Lovász extension is an aggregation function which is comonotone additive, idempotent, translation invariant, positively homogeneous, internal, linear w.r.t. the fuzzy measure. Moreover, if m is symmetric, then so is C m . Finally, m is submodular if and only if C m is convex. Next, we know that the Owen extension is an aggregation function which is n-additive and linear w.r.t. the fuzzy measure. For k ≤ n the Owen extension is k-additive if and only if m is k-additive (see [3] ).
In the following proposition we claim that the property of being linear with respect to the fuzzy measure is fulfilled by F m,A based on an arbitrary aggregation function A. 
For the Möbius transform of the set I we get
Therefore, 
(ii) A = Min.
P r o o f. Let x = (x, . . . , x). (i) ⇒ (ii). According to the Proposition 3.2, A is idempotent. We get
where
ÓÖÓÐÐ ÖÝ 3.1º Let A ∈ A (n) be an aggregation function suitable for aggregation-based extension for all m ∈ M (n) . Then the following statements are equivalent: (i) F m,A is internal (translation invariant, comonotone additive, positively homogeneous) for all m ∈ M (n) .
P r o o f. (i) ⇒ (ii). Due to [2], for nondecreasing function F : [0, 1]
n → R internality is equivalent to idempotency. Similarly, translation invariance, comonotone additivity and positive homogeneity imply idempotency. Hence the claim follows from Proposition 3.3.
(ii) ⇒ (i). It is trivial, therefore proof is omitted.
We have shown that apart from the Lovász extension no aggregation-based extension is internal for all m ∈ M (n) . Now, we ask whether there is any aggregation-based extension which is conjunctive for all m ∈ M (n) . For a nontrivial fuzzy measure m there exists a subset K N such that m(K) = 0 and therefore for any extension F of m it should hold F (1 K ) = 0 = Min(1 K ). We obtain the following observation.
ÈÖÓÔÓ× Ø ÓÒ 3.4º There is no aggregation function A such that F m,A is conjunctive function extending fuzzy measure m for all m ∈ M (n) .

The only case when F m,A is conjunctive is if m = m * and A is conjunctive (F m * ,A = A).
It was shown in [3] that an n-ary aggregation function A is k-additive if and only if A is a polynomial with degree not exceeding k with coefficients fulfilling certain conditions imposed by nondecreasingness and boundary conditions of A. It means that for k < n there is no k-additive n-ary aggregation function with zero annihilator. The only n-additive n-ary aggregation function with zero annihilator is A(x) = 
.g., [1] ). Therefore, F m,A is a sum of polynomials with degree not exceeding k, so it is a k-additive aggregation function.
For the subclass of all symmetric fuzzy measures the property of being symmetric inherits from A to F m,A .
ÈÖÓÔÓ× Ø ÓÒ 3.6º Let m ∈ M (n) be a symmetric fuzzy measure. Then F m,A is symmetric if and only if A is symmetric.
|I\E| .
Since the symmetry of E⊆N |E|=k I⊇E A(x I )(−1) |I\E| for every k ∈ N is equivalent to the symmetry of A, the claim follows.
ÈÖÓÔÓ× Ø ÓÒ 3.7º Let m ∈ M (2) be a submodular fuzzy measure and A ∈ A (2) be such that A(x, 1) = x and A(1, y) = y. Then the following holds:
is convex if and only if A is concave. (ii) F m,A is concave if and only if A is convex.
P r o o f. We prove just the claim (i), the proof of (ii) is similar.
On the other hand, we have
Summarizing and taking into account submodularity of m we obtain that convexity of F m,A is equivalent to concavity of A.
Note, that a similar consideration can be done for a supermodular fuzzy mesure m ∈ M (2) resulting in equivalence of convexity (concavity) of F m,A and A.
As a consequence of the previous proposition we can conclude that whence the only copula which is concave is the Frechét-Hoeffding upper bound Min (see [6] ), there is no copula A apart from Min yielding a convex aggregation function F m,A for a submodular measure m.
Suitable aggregation functions for some subclasses of M (n)
Recall that an aggregation function A is called suitable for a fuzzy measure m, if the function F m,A defined by (1) 
Concluding remarks
We have shown that among all aggregation-based extensions only the extension based on Min, i.e., the Lovász extension, has the property of being idempotent (internal, comonotone additive, positive homogeneous, translation invariant) for all fuzzy measures. Similarly, only the Owen extension has the property of being n-additive for all fuzzy measures. On the other hand, for n = 2 we have shown that for the subclass of all submodular measures there is a larger class of aggregation functions (class of all concave aggregation functions satisfying certain boundary conditions) yielding convex aggregation-based extensions. By our conjecture, it is also the case for n > 2 and in the further work we plan to look at this problem. We have characterized all aggregation functions suitable for aggregation-based extension for the subclass of all additive fuzzy measures and, for n=2, for the subclass of all symmetric supermodular measures.
